Introduction
The l p -norm is the most popular metric for sequences of complex numbers. Lorentz [5] extended the l p -norm to a class of rearrangement invariant norms named Lorentz norms. The space of functions equipped with a Lorentz norm is called a Lorentz space, which is frequently used in numerical analysis and interpolation theory. The Marcinkiewicz spaces are special cases of Lorentz spaces (cf. [9] ).
The discrete version of the Lorentz spaces was studied by Triebel [9] and Kato [4] independently. The notion of the weak l p -norm can be found in [9] as a key concept to investigate the discrete Lorentz spaces. Matsuoka et al. [6] investigated properties of the weak l p -norm, and applied them to de-noising of noisy data represented by wavelet decompositions.
It is important to investigate relations among different norms. Calderón [1] showed the relations between the Calderón norm of continuous type and the Lorentz norm. In this paper, we first investigate relations between the l pnorm and the weak l p -norm of sequences. Then, in the main part of the paper, we define and investigate analogues of the weak l p -norm for a double sequence A ¼ ða i;j Þ, ð1 i m; 1 i nÞ. We can reform a double sequence (regarded as a matrix) into a one-dimensional sequence of length mn by scanning its rows from left to right starting from the top row to the bottom one. The weak l pnorm of this one-dimensional sequence is called the standard weak l p -norm of A. This quasi-norm is invariant under the full rearrangement of mn entries of A. However, we often want to consider some restricted rearrangement operations. For this purpose, we define a different kind of weak l p -norm of a double sequence, called the successive weak l p -norm, and study its properties and its relations to the standard weak l p -norm. The rest of this paper is structured as follows: In Sect. 2, we give definitions and survey known results on the l p -and the weak l p -norms for a sequence, and give some new upper and lower bounds for the ratio of the values of the two norms. In Sect. 3, we introduce the successive and standard weak l p -norms for double sequences and discuss their basic properties. In Sect. 4, we investigate relations between the two weak l p -norms for double sequences and give some bound for the ratio of the values of those norms. Finally in Sect. 5, we define continuous versions of the weak L p -norms for functions of two variables; we give a counter example to show that the estimates given in Sect. 4 cannot hold in the continuous case as they are.
Quasi-Norms for a Sequence
Let a ¼ ða k Þ 1 k¼1 be a sequence of complex numbers having a finite number of nonzero entries. Its l p -(quasi-)norm is defined by
for p > 0: ð2:1Þ
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For 1 p < 1, the discrete version of the Calderón norm is defined by
Unlike the discrete Lorentz norm, the Calderón norm always satisfies the triangle inequality. The following theorem is a weak l p version of the famous Hardy inequality of discrete type (cf. [2] ):
Theorem 2.1. For 0 < 1 and 1 q < 1,
and for q ¼ 1,
Proof. Although the proof is a straightforward modification of the continuous version given in, [2] we give a sketch of the proof for the reader's convenience. For q ¼ 1, let M ¼ sup i i À ja i j. Then we have
It remains to prove (2:4) for 1 < q < 1. Let ¼ 1=q þ =p where p is the conjugate exponent of q, i.e., 1=p þ 1=q ¼ 1. Note that ð À 1Þp þ 1 ¼ . From the Hölder inequality, we obtain
Using (2:8) and the relation Àq þ q=p ¼ À and changing the order of sums, we have
Since q þ ¼ q þ 1, this is the right-hand side of (2:4). Ã Remark 2.2. Setting ¼ ðq À 1Þ=q and b i ¼ a i =i, we obtain the original Hardy inequality of discrete type for 1 < q < 1:
Definition 2.1. Two quasi-norms j Á j and j Á j 0 are said to be equivalent to each other if there exist positive constants C 1 and C 2 satisfying that
for all a: ð2:11Þ
The following proposition is a straightforward consequence of Theorem 2:1: Proposition 2.1. For 1 < p < 1 and 1 q < 1, the Lorentz norms ð2:2Þ and the Calderón norm ð2:3Þ are equivalent to each other. More precisely, the following inequalities hold:
Proof. The inequality in the left-hand side of (2:12) follows from a
, and the inequality in the right-hand side of (2:12) follows from the Hardy inequality (2:4) by taking ¼ 1 À 1=p and changing a k into ka
The l p -norm and the weak l p -norm of a finite sequence a ¼ ða k Þ n k¼1 are related as follows. From now on, we assume that the base of logarithm is the Napier constant e. 
Proof. The inequality in the left-hand side of (2:13) is easy to see (cf. [6] ). Since a Ã j jaj Wl p =j 1=p for j ¼ 1; 2; . . . ; n, we have
jaj Wl p ð1 þ log nÞ 1=p jaj Wl p ; ð2:15Þ and the inequality in the right-hand side of (2:13) follows. Moreover, if p > q, we have We define for convenience
so that the inequality in the right-hand side of (2:13) and the inequality (2:14) can be restated as follows: jaj l p p;q ðnÞjaj Wl q : ð2:21Þ
Quasi-Norms for a Double Sequence
We regard a double sequence as an m Â n complex matrix A ¼ ða i;j Þ. The l p -(quasi-)norm of A is defined by
For arbitrary p and q such that 0 < p; q 1, Ostrowski [7] introduced the mixed ðl p ; l q Þ-norm of a matrix A: 
The following propositions give basic properties obtained by using the inequalities (2:19) and (2:21). 
Estimates for the Weak Norms
We study relations between the successive weak l p -norm and the standard weak l p -norm for double sequences. We first give some examples to get intuition of the relations. 
In particular, if m ¼ n, then we obtain jBj Wl 1 ! logðm þ 1Þ by choosing ¼ 1=m. Therefore, in this case, the standard weak l 1 -norm is larger than the successive weak l 1 -norm whenever m ! 2. (ii) Let C be a matrix defined by
Let k be the largest natural number such that 2 k m and k þ 1 n. Therefore, since
we have kCk Wl 1 ¼ jfc 0 j gj Wl 1 ! minð1 þ log 2 m; nÞ. On the other hand,
In this case, the successive weak l 1 -norm is larger than the standard weak l 1 -norm. (iii) Let D ¼ ðd i;j Þ be an m Â n matrix defined by d i;j ¼ 1=ðmaxði; jÞÞ 2 . Then both of the weak l 1 -norms are equal to 1.
As can be seen from the discussion above, the ratio of these weak l 1 -norms depends on the double sequence. We give upper and lower bounds of the ratio. Proof. By taking ðja i;j jÞ, we may assume that A is a nonnegative real double sequence. Because of invariance of the norms for the rearrangement operations on column vectors, we can further assume the following:
(i) Each column of A is a non-increasing sequence.
(ii) Let c j ¼ sup i ia i;j , then the sequence c ¼ ðc j Þ j¼1;2;...;n is non-increasing. For each j, suppose that ia i;j attains its maximum c j at i ¼ f j ; in other words, c j ¼ sup i ia i;j ¼ f j a f j ;j . Also, let kAk Wl 1 ¼ sup j ðjf j a f j ;j Þ be attained j ¼ s. Without loss of generality, we assume that a f s ;s ¼ 1=f s , and hence kAk Wl 1 ¼ s.
Notice that if we prove the statement for a double sequence A 0 obtained by decreasing the values of entries of A while keeping kA 0 k Wl 1 ¼ kAk Wl 1 , the statement also holds for the original double sequence A. Therefore, we can assume the following:
(i) a i;j ¼ 0 if i > f j , (ii) a i;j ¼ 0 if j > s and 1 i m, (iii) f j a f j ;j ¼ f s a f s ;s if j s, and hence a f j ;j ¼ 1=f j , and (iv) a i;j ¼ a f j ;j ¼ 1=f j if i f j and j s. So,
ð4:6Þ
where each non-zero column consists of p numbers of 1=p (the same for m À p numbers of zeros for some p ¼ 1; 2; . . . ; m). Let NðpÞ be the number of such columns, namely, NðpÞ ¼ ]fj j f j ¼ pg. NðpÞ may be zero for some p's. By definition, P p NðpÞ ¼ s. We suppose that kAk Wl 1 ¼ rjAj Wl 1 , and we will prove that r 1 þ log m. Since kAk Wl 1 ¼ s, jAj Wl 1 ¼ s=r. Let q be an integer and consider the (nonincreasing) sequence consisting of the entries of A that are larger than or equal to 1=q. The length of the sequence is P 1 p q pNðpÞ. Therefore, jAj xðpÞ ¼ yð1Þ
Therefore, by the second half of (4:7), we have Now it suffices to prove the theorem for a double sequence (also denoted by A) obtained by increasing the values of entries of A while keeping kAk Wl 1 ¼ 1. Hence, we can assume that a i;j ¼ 1=ij for 1 i m, 1 j n. Therefore for this double sequence, if jAj Wl 1 is attained at an entry a p;q ¼ 1=pq, there are at most ½pq=j entries that are larger than or equal to 1=pq in each jth column. Therefore,
which completes the proof. Ã Remark 4.1. From Proposition 2:2, we can obtain some bound on the ratio of the successive weak l 1 -norm and the standard weak l 1 -norm. Denoting the columns of A by a 1 ; . . . ; a n and using the inequality (2:13), we obtain We define the quasi-norms for functions of two variables in the preceding definition. However we cannot obtain any bound of the ratio of the quasi-norms. Therefore, the successive weak L 1 -norm is greater than the standard one.
